This paper presents the harmonic and vibration analysis of functionally graded plates using the finite element method. Initially, the plates are assumed isotropic and the material properties of it are assumed to vary continuously through their thickness direction according to a power-law distribution of the volume fractions of the plate constituents. The four noded shell element is used to analyse the functionally graded plates. Four functionally graded plates-Al/Al 2 O 3 , Al/ZrO 2 , Ti-6Al-4V/Aluminium oxide, and SUS304/Si 3 N 4 are considered in the study, and their results are obtained so that the right choice can be made in applications in high temperature environment and in reducing the vibration amplitudes in applications such as aircrafts, rockets, missiles, etc. Numerical results for the natural frequency and harmonic response amplitude are presented. Results are compared and validated with available results in the literature. Effects of boundary conditions, material and damping on natural frequency and harmonic response of the functionally graded plates are also investigated.
Introduction
Functionally graded materials (FGMs) are special composites with material properties that vary continuously through their thickness resulting in corresponding changes in the properties of the material. FGMs are usually made of a mixture of ceramic and metal, and can thus resist high-temperature conditions while maintaining toughness. The concept of functionally graded materials (FGMs) was first introduced in 1984 by a group of material scientists in Japan, as ultrahigh temperature resistant materials for aircraft, space vehicles and other engineering applications [1] [2] . Functionally graded material (FGM) may be characterized by the variation in composition and structure gradually over volume, resulting in corresponding changes in the properties of the material. The materials can be designed for specific function and applications. Various approaches based on the bulk (particulate processing), layer processing and melt processing are used to fabricate the functionally graded materials [3] . There are many areas of application for FGMs. The concept is to make a composite material by varying the microstructure from one material to another material with a specific gradient. This enables the material to have the best of both materials. If it is for thermal, or corrosive resistance or malleability and toughness both strengths of the material may be used to avoid corrosion, fatigue, fracture and stress corrosion cracking [4] . The transition between the two materials can usually be approximated by means of a power series. The aircraft and aerospace industry and the computer circuit industry are very interested in the possibility of having materials that can withstand very high thermal gradients. This is normally achieved by using a ceramic layer connected with a metallic layer [5] [6] . The dynamic behaviour of each element is derived and the solution of the structure as a whole is reconstituted by attaching each element together at its node points. Predicting the dynamic response of a vibrating system generally involves determining the equations of motion of the structure and solving them for given boundary conditions [7] . Finite element methods are one of the most widely used deterministic techniques. For this technique, a structure is divided into a number of elements. These methods are extensively used to predict the linear dynamic response of structures in the low frequency region. For more complex systems, the equations of motion can be approximated using various deterministic modelling techniques such as the finite element analysis [8] . In engineering design, it is important to calculate the response quantities such as the displacement, stress, vibration frequencies, and mode shapes of a given set of design parameters [9] . The natural frequencies and mode shapes can then be used to predict the response due to an applied excitation. The vibration and harmonic responses of composite plates and FGMs have been extensively studied by a number of researchers [12] [13] [14] [15] [16] . However, the aim of the work is to study the effect of functionally graded materials on the vibration behavior by making a modal and harmonic analysis of the models.
Functionally graded material properties
A functionally graded plate (shown in Fig.1 ) is considered to be a single-layered plate of uniform thickness that is made of ceramic and metal. The material property is assumed to be graded through the thickness in accordance with a power-law distribution that is expressed as
where, P represents the effective material property, P c and P m denote the properties of the ceramic and metal, respectively, V c is the volume fraction of the ceramic, h is the thickness of the plate, and n is the volume fraction exponent. Figure 2 shows the variation of the volume fraction through the thickness for different exponent n. 
Methodology

Background
ANSYS 15.0 with mechanical APDL is used to analyse the functionally graded plate. The analysis was done on moderately thick square FG plates with various combinations of simply supported and clamped boundary conditions. It consisted of building geometry of the model and distributing the FGM material properties along the thickness of the model, meshing the model with a proper smart sized mesh types, applying loads on the model, setting boundary conditions on the model, and finally running and solving the model. Modal analysis is done to find the system vibration parameters (i.e., natural frequencies, and mode shapes). And then for all these combinations harmonic analysis is done to find out the frequency response of plate.
Modelling
According to the material properties shown in Tab.1 and using ANSYS 15.0 with mechanical APDL capabilities, a harmonic analysis problem has been solved for FGM models. A square FG plate of 304.8 mm x 304.8 mm x 2 mm is considered in the study which is subjected to a force of 1 N at the node location (75 mm, 152.4 mm), as shown in Fig.4 . The element SHELL181 was chosen to mesh the model. It is a four-node element with six degrees of freedom at each node: three translations in the x, y, and z directions, and three rotations about the x, y, and z-axis. It is suitable for analyzing thin to moderately-thick shell structures and can be used for layered applications for modelling composites. The degenerate triangular option should only be used as filler elements in mesh generation. This makes the comparison between the different FG models easy. In this section, the frequency characteristics of four types of square plates-Al/Al2O3, Al/ZrO2, Ti6Al-4V/ Aluminium oxide, and SUS304/Si3N4-are investigated. The properties of the constituents are provided in Tab.1. The volume fraction exponent n is taken as 1. Two types of boundary conditions-all edges clamped (CCCC) and all edges simply supported (SSSS) are considered.
The simply supported boundary condition is expressed as
The boundary conditions at the clamped edges are given by
Figures 4a and 4b shows the geometry and loads for the FG plate at the SSSS and CCCC boundary condition respectively. Modal Analysis is done to compute the first 10 natural frequencies for each model. The solver used for modal analysis is Block Lanczos. For the plates with the CCCC and SSSS boundary condition, the frequency decreases, as the volume fraction exponent n increases. This is expected because a larger volume fraction exponent means that the plate has a smaller ceramic component, and that its stiffness is thus reduced. The last one is Harmonic Analysis, and the results were a comparison between the frequency response amplitude values in each model, and this will be discussed in the following section. 
Results
Modal analysis
The variation of the frequency parameter with the boundary condition and with the volume fraction exponent for plates made of Al/Al 2 O 3 , Al/ZrO 2 , Ti-6Al-4V/Aluminium oxide andSUS304/Si 3 N 4 , is described in Tabs 2-5, respectively. They show a comparison of the fundamental natural frequency parameters of the four plates. It can be seen that all of the frequencies that represent the various combinations show a similar behaviour, with the frequencies dropping as the volume fraction exponent increases. Results of modal analysis show that the natural frequencies for the plates Ti-6Al-4V/Aluminium oxide, and SUS304/Si 3 N 4 nearly overlap, whereas the plate Al/Al 2 O 3 has the highest values and the plate Al/ZrO 2 has lowest. A comparison of the 10 natural frequencies of the FG models with CCCC boundary condition is shown in Fig.5 . A comparison of the 10 natural frequencies of the FG models with SSSS boundary condition is shown in Fig.6 . 
Harmonic analysis
To obtain the FRF plot, harmonic analysis is to be done by providing the range of natural frequency of 0 Hz to 2000Hz and 100 substeps. It will generate the FRF plot (linear) on graph of amplitude to frequency, frequency (Hz) is taken on the x-axis and amplitude (m) on the y-axis. From this graph we come to know its resonance point. It can be said that the overall response of the system can be known. These frequency response amplitudes can also be reduced by providing a damping constant. In the study, the constant damping ratio of 1% to 4% or 0.01 to 0.04 is taken. The effect of the damping constant on the frequency response amplitude for different sets of FG plates with different boundary conditions and different volume fraction exponent is shown in Tabs 7-10, respectively. Figs 9a-9e shows the FRF plots without damping (D=0) and with damping (D=0.01 to 0.04) for Ti-6Al-4V/Aluminium oxide FG plate at CCCC boundary condition. Harmonic analysis of the plate is solved in ANSYS 15 software using the full method. The full method uses the full system matrices to calculate the harmonic response (no matrix reduction). During the analysis, it is found that the fundamental mode for the plate was excited at the frequency 188.94 Hz, where the highest value of amplitude 1.8e-2mm is obtained (as shown in Tab.11). Harmonic analysis of the plates gives the frequency response amplitudes at their fundamental mode. Results of harmonic analysis show that the plate Al/ZrO 2 has the highest amplitude value and the plate Al/Al 2 O 3 has the lowest amplitude value. Also, on providing the damping constant, the maximum amplitude value at the resonance point on decreases, and it further on decreases, as the value of damping constant is increased. The effect of damping on frequency response amplitude of the FG models with CCCC boundary condition is shown in Fig.15 . Effect of damping on frequency response amplitude of the FG models with SSSS boundary condition is shown in Fig.16 . 
Conclusion
In this study, vibration and harmonic analyses of FGM plates are mode. The effective material properties of functionally graded materials for the plate structures are assumed to vary continuously through the plate thickness and are graded in the plate thickness direction according to a volume fraction power law distribution. Four functionally graded plates of different sets of materials are considered and their natural frequencies and frequency response amplitude at the fundamental mode are determined, also effects of damping on dynamic characteristics of the plate are shown in the study. Convergence tests and comparison studies have been carried out with the commercially available software (ANSYS). A four noded layered shell element (SHELL181) is used throughout the problem. The obtained results are in good agreement with those available in the literature for different volume fraction indices, thickness ratios, aspect ratios and different support conditions. The following concluding remarks can be made for thin to thick FGM plates.  During the analysis, it was found that all the FGP combinations show a similar behaviour, with the frequencies dropping as the volume fraction exponent increases.  Results of modal analysis show that the natural frequencies for the plates Ti-6Al-4V/Aluminium oxide, and SUS304/Si 3 N 4 nearly overlap, whereas the plate Al/Al 2 O 3 has the highest values and the plate Al/ZrO 2 has the lowest.  For all boundary conditions, vibration amplitude increases as the volume fraction index increases.  Results of harmonic analysis show the plate Al/ZrO 2 has the highest amplitude values and the plate Al/Al 2 O 3 has the lowest values.  Also, on providing the damping constant, the maximum amplitude value at the resonance point decreases,
and it further decreases, as the value of the damping constant is increased. So it becomes very important to consider the damping constant in the plate design. It helps in vibration control, noise reduction, stability of the system, fatigue and impact resistance.
Future scope
 Different geometric structures can be modelled such as cylindrical, spherical, conical, hyperboloid etc.  Temperature dependent material property can be considered.  Different types of analysis such as non-linear, buckling, post buckling, etc., can also be performed using the presented model. 
